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Direct sum of star matrices

K.U. Divya® and K. Somasundaram

Abstract. Let S,, be the symmetric group of order n. The perma-
nent of an n X n matrix A = (a;;) is defined as Z Haia(i), Let

€Sy i=1
Q, denote the set of all n x n doubly stochastic matrices. A ma-
trix B € Q, is said to be a star matrix if per(aB + (1 — a)A <
aperB + (1 — a)perA, for all A € Q, and all « € [0,1]. Karup-
panchetty and Maria Arulraj [3] proposed the following two conjec-
tures:

(i) The direct sum of two star matrices is a star (also known as the
star conjecture).

(ii) The only stars in €, are the direct sum of 2 X 2 star matrices
and identity matrices upto permutations of rows and columns.

In this paper, we derive some sufficient conditions for the direct
sum of matrices in {22 to satisfy the inequality of the star conjecture.
We also provide some classes of matrices in €2, which satisfy the star
condition.
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1. Introduction

Let €2,, denote the set of all n x n doubly stochastic matrices and S,
be the symmetric group of order n. If A = (a;;) is an arbitrary n x n

matrix, then the permanent of A is a scalar valued function given by

n
perA = Z Hawm.

€S, i=1
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The permanent function has been studied extensively of date, and it
is known that if A € Q, 0 < perA < 1. The direct sum of the matrices

A;, 1 <i<n,is defined as follows:

A O 0
n 0 A, ... 0
@Az :diag(Al,AQ,...,An) = . . . ’
e . . .
0 o0 Ay

where 0 is the zero matrix.

It is natural to inquire whether permanent is a convex function on €2,,,

that is, to see the validity of the inequality
per(aB + (1 — a)A) < aperB + (1 — a)perA,

for all A, B € Q,, and for all @ € [0,1]. That this is not the case in general
1
was shown by Perfect [5]. However, in this paper, for a = 5 and B = I the

author showed that
er(ll—i— 1A) < 1 + L erA for all A € Q
perigt Tl =9 TP "
Brualdi and Newman [1] improved this result by showing that

per(al, + (1 — a)A) < a+ (1 — a)perA,

for all A € Q,, and for all & € [0, 1].

Moreover, they established that the inequality
per(aB + (1 —a)A) < aperB + (1 — a)per A
will hold for all @ € [0,1] and for all A, B € Q,, iff for all A, B € Q,

Z bijperA;; < perB + (n — 1)perA, (1)

4,j=1
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where B = (b;;) and A;; is the (n—1) x (n—1) matrix obtained by deleting
the i row and j** column of A and equality holds iff A = B. As a € [0, 1]
the inequality (1) is also written as
n
Z a;jperB;j < perA+ (n — 1)perB, (2)
i,j=1
where A = (a;;) and B;; is the (n—1) x (n—1) matrix obtained by deleting

the i*" row and j*" column of B.
Wang [7] called a matrix B in ,, a star, if B satisfies
per(aB + (1 — a)A) < aperB + (1 — a)perA,
for all A € Q,, and for all « € [0, 1].

According to the result of Brualdi and Newman [1] the necessary and
sufficient condition for a matrix B € (,, to be a star matrix is that it should

satisfy inequality (1). The inequality (2) is equivalent to (1) as o € [0, 1].

Therefore the inequality (2) is also a necessary and sufficient condition
for a matrix B € Q, to be a star matrix. We call the inequality (2) as a

star inequality.

Wang [7] proved that (i) every 2 x 2 doubly stochastic matrix is a star
and (ii) if B € Q,, is a star then perB >

gn—1’

Karuppanchetty and Maria Arulraj [3] have disproved Wang’s conjec-
ture [7] which states that for n > 3 permutation matrices are the only stars,
by proving the following matrix B to be a star matrix:

B 1 0 1 0 1 x 1—2
8 1 f z z ’ @ <1 - x )

where 0 < z < 1.

They also established that the only stars in Q23 are PB(Q where B is

as defined above and P and () are permutation matrices.
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Let
a b l—a—-0
M(a,b,e,d) = c d 1—c—d € Q3.
l-a—c¢c 1-b—d a+b+c+d-1
The matrix B = 1 @ M(a,b;c,d) € Q4 where 0 < a,b < 1 and
a+b+#1is not a star since the only star in Q3 is M(a,1 —a;1 —a,a) up to
permutation of rows and columns. They [3] (quoted by Cheon and Wanless

[2]) proposed the following two conjectures:

(i) The direct sum of two star matrices is a star (also known as the star

conjecture).

(ii) The only stars in €, are the direct sum of 2 x 2 star matrices and

identity matrices upto permutations of rows and columns.

Both conjectures are still open for n > 4. Maria Arulraj and K.
Somasundaram [6] derived a necessary condition for a matrix B € Q,, to
be a star matrix. For integers r and n, (1 <r < n), let @, , denote the set

of all sequences (i1, iz, ...i,) such that 1 < ;... < i, < n.
The following notations are defined by Minc [4].

For fixed o, 8 € Qpn let A(a, 8) denote the submatrix of A obtained by
deleting the rows a and the columns S of A, let A[a|S] denote the submatrix
of A formed by the rows a and the columns 3 of A and let T'(Alc, 8]) denote

the sum of all the elements of the matrix A«|f].

Let

Sy(A,B) = Z perAla/BlperB(a/S).
@,BEQrn

The following Lemma is due to Maria Arulraj and Somasundaram [6]
which gives the necessary condition for a matrix B € (2, to be a star matrix.

Lemma 1.1. Let B € ),,. If there exists an n X n matriz E # 0, such that
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n—2

the perturbation matric B+ E € Q,, and Z(n —(k+1))Sk(B,E) <0,
k=0
then B is not a star.

In this paper, we derive some sufficient conditions for the direct sum
of matrices in 29 to satisfy the inequality of the star conjecture. We also

provide some classes of matrices in €2,, which satisfy the star inequality (2).

2. Direct sum of star matrices

In this section, we prove the following theorems related to the first

conjecture.

Theorem 2.1. Let

5=

7

- iz 1-— Z;
~\l-z oz

1 1
where 3 <z <1-— e Then B satisfies (2) for all A € Q,, such that for
all odd p, T(A[(p,p+1)/(p,p+1)] < 1.

Proof.

Z a;jperB;; — perA — (n — 1)perB

ij=1
= a1 (203 — 209 +1)... (222, — 22, + 1) + a1a(1 — 21) (222 — 225 + 1)

s (222 = 22, + 1)+ agy (1 — 21) (203 — 220 + 1)...(222, — 22, + 1)
+ agowy (225 — 220 + 1) -+ (222, — 22, + 1) + azzw2(223 — 221 + 1)
s (222 = 2xp, + 1) F asa(1 — 22) (222 — 221 +1)...(222, — 22, + 1)
+ ag3(1 — 29) (227 — 221 + 1) -+ (202, — 22, + 1)

+agawo (227 — 221 + 1) -+ (222, — 22 + 1) + - —perA — (n —1)
(223 — 2z + 1)...(222, — 22,, + 1)

< (a11 + ajo + ao1 + ag)xy (225 — 229 + 1)...(222, — 21, + 1)

+ (CL33 + as4 + ag3 + a44)x2(2x§ — 2x9 + 1)(2.%1271 — 2%, + 1)



74 K.U. Divya and K. Somasundaram

4+ —perA — (n—1)(223 — 22 + 1)...(222, — 22, + 1)
<ay(203 — 229 + 1) -+ (222, — 22, + 1) + 22(22F — 221 + 1)
(222, = 2x + 1) A (2207 — 220 1) - (222 — 22,1 + 1)
—perA— (n—1)(22] — 2xy + 1) -+ (222, — 22y, + 1)
< (223 — 2wy + 1) - (202, — 22, 4+ 1) [ — ”7_1(230% — 211 + 1))
+ (22 — 22y + 1) -+ (222, — 22, + 1) [y — nT_l(ng — 219 + 1)]

+--~+(2{E%72931+1)"'(2333n_1*2xm—1+1)

-1
[T — L(2x$n — 2%, + 1)] — perA.
m
Now,
-1
T — n (222 — 2x; + 1)
2m —1
=ux; — m (227 — 22; 4+ 1)
+(-2+ 1)(2 22w+ 1) <ap+(—2+ 1)1
=T; — — .’EZ- — zaX; S X — — )=
m m’2
1
=x;—14+—<0
2m
i 1 < <1 1
since - <x; <1— —.
2~ 2m
Therefore, the inequality (2) is satisfied. O
Theorem 2.2. Let
I ].—(El
1—x T
xI9 1—.%‘2
B: DRI ... DRI DY 1—%‘2 x2 ,
Tm 1—x,,
11—z, Ty
h 1 < <1 !
where = <x; <1— —.
2~ 2m
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Then B satisfies the star condition for all A € Q,, such that T(Alp,p +
1/n—q,n—q+1] <1 for all odd p,1 <p <n and all odd q,1 < g <n.

Proof.

i a;jperB;; — perA — (n — 1)perB
i,j=1
= a1 121(2205 — 229 + 1) -+ (222, — 22, + 1) + a1, (1 — 21)
(223 — 29 + 1) -+ (222, — 22, + 1) + agpn_1(1 — 21)
(203 — 2w9 + 1) -+ (222, — 2y, + 1) + a2 p21 (223 — 222 + 1) - -
(222, = 22 + 1)+ ap_110m (207 — 221 + 1) -+ (223, — 22, + 1)
+ (1= 2p)an_12227 — 221 + 1)+ 222 — 22, + 1) + (1 — 1) a0
(223 — 22 +1)--- (222, — 22 + 1) + Tppan o227 — 221 + 1) -
(222, — 2z, +1) — perA — (n — 1)(223 — 22y + 1) --- (222, — 22, + 1)
< (@114 a1n+ G2p1 + a2.,)21 (225 — 229 + 1) -+ (202, — 23, + 1)
4+t (an—1,1 F Gno12 + ot + An2)Tm (227 — 201 + 1) -
(222, | — 2z, +1) —perA — (n —1)(22% — 221 + 1) --- (222, — 2z, + 1)
<2203 — 20 + 1)+ (222, — 22, + 1) + 22(207 — 221 + 1) -+~
(222, — 22 + 1)+ 2 (227 — 227 + 1) --- (222, — 221 + 1)
—perA — (n—1)(22% — 221 +1)--- (222, — 2z, + 1)
= (203 — 229 + 1) -+ (222, — 22, + 1)[z) — nT_l(zxf —2z1 + 1))
+(22% — 2y + 1) -+ (222, — 22, + 1) [y — ”7_1(2;(;3 — 2z + 1))+ -+

—1
n (222, — 2x,, +1)] — perA.

(207 = 201 + 1)+ (207 — 221 + Dl —

Now,

—1
D (222 — 22+ 1)

2m —1
m

xT; —

(222 — 2x; + 1)

:xi—
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1 1.1
= T; + (*2 + E)(fo — 2562‘ + 1) S €T + (*2 + E)i
1
2m
. 1 1
since - <x; <1— —.
2 2m
Therefore, the inequality (2) is satisfied. O

Theroem 2.3. Let

B:(1xa: 1;x>@<1yy 1;y>

1
where 0 < x,y < 3 Then B satisfies (1) for matrices A € Q4 where
a 0 1—a 0
0 a 0 1—a
A= 1—a O a 0
0 1—-a 0 a

where 0 < a < 1.

Proof. A necessary and sufficient condition for a matrix B € {4 to be a

star is that
4

Z bijperA;; — perB — 3perA < 0.

i,j=1

Now, consider

4
Z bijperA;; — per B — 3perA

i.j=1

=z(a® + a(l — a)?) + z(a® + (1 — a)?) + y(a® + (1 — a)?)
+y(a®+ (1 —a)?) — perB — 3[a* + a*(1 — 2a + a*) + (1 — a)(a*(1 — a)
+(1-a))]

< 2z(a® 4+ a(1 — a)?) + 2y(a® + a(l — a)?) — % —3[a* + a® — 2a® + a*
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+ (1 —a)(a® —a®>+1—3a+ 3a* — a®)]
3

§2(a3+a(1—2a+a2))—§

+4a® + a* — 4a — 4a® + 247

—3[2a* —2a® + a* + a* —2a® +a* + 1

:4a3—4a2+2a—3—3(4a4—8a3+8a2—4a+1)

32
=4a® — 40 + 2a — 3% —12a* + 2463 — 24a® + 124 — 3
= —12a* + 284> — 28a” + 14a — %}
<0. O

Theorem 2.4. Let

s=(,7, e, 1Y)

where 0 < x,y < V0.375. Then B satisfies the condition (2) for all A € Q4
of the form

a 0 l1—a 0

0 a 0 l1—a
A= 1—a 0 a 0 ’

0 1—a 0 a

where 0 < a < +0.375.

Proof.

4
Z ai;perBi; — per A — 3per B

i,j=1
= 2ax(2y® — 2y + 1) + 2ay(22% — 2z + 1) — perA — 3(2y* — 2y + 1)

(222 — 22 + 1)
2 302 2 3
= (2y" — 2y +1)(2azx — 5(2;1: —2x+1))+ (22" — 22+ 1)( 2ay — 3
(2y% — 2y + 1)> — perA.
It is easy to see that

3
2asc—§(2m2—2x+1) <0
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and

0 < 2ax <0.75,
1
since 3 <2z —2x+1<1and0<z,vy,a < +0.375.
Hence the inequality (2) is satisfied. O
Theorem 2.5. Let
_ T 11—z Y 1—y
B_<1—x T )@(1—3/ y )

Then B satisfies the star condition for all A € Q4 of the form

a a 1—2a 0

A— a a 1-2a 0
1—2a 1—2a 4a—1 0

0 0 0 1

where 0 < a < 0.1875.

Proof.

4
Z ai;perB;; — perA — 3perB

=ax(y’ + (1-y)*) +a(l = 2)(v* + (1 - 9)*) + a(l = 2)(y* + (1 = y)*)
+azx(y? + (1 — )3 + (da— Dy(z® + (1 —2)?) + y(@® + (1 — 2)?)
—perB —3(22% — 22+ 1)(2y° — 2y + 1)

=2az(y* + (1 - 9)*) + 2a(1 — 2)(y* + (1 — 9)*) + day(z® + (1 — 2)*)
—perB —3(22% — 2z 4+ 1)(2y° — 2y + 1)

=2a(y® + (1 — y)?) +day(2* + (1 — 2)?) — perB — 3(22% — 2z + 1)
(2y° -2y +1)

= (2a — 3(23:2 —21‘+1))(2y2—2y+1)—|— <4ay— 2(2y2—2y+1>>
(22 — 22+ 1) — perB.

1
5§2x2—2gc+1§1.
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-3
Multiplying by - throughout the above inequality,

-3 -3 -3
— > (222 -2z +4+1)> —.
T N
3 3 3
2a—§(2x2—2x—|—1)§2a—1§01f2a§1
. 3
Lea < —.
8
4ayfg(2y2—2y+1)§4ay—%
3 3 3 3
i <1l,4day— - <4da—-<0if4da < - 1. < —.
Since y < 1, 4ay 1= a 4_01 a_41ea_16
Hence the inequality (2) is satisfied. O

3. Conclusion.

Conjectures on star matrices are well known conjectures in the theory
of permanents. In this paper, we provided some classes of matrices in §2,,
which satisfy the inequality of the star conjecture. We also provided some
classes of matrices in )4 which satisfy the star condition for the direct sum

of two 2 x 2 star matrices.
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